Continuing our analytic computation of the first-order self-force contribution to the "geodetic" spin precession frequency of a small spinning body orbiting a large (non-spinning) body we provide the exact expressions of the tenth and tenth-and-a-half post-Newtonian terms. We also introduce a new approach to the analytic computation of self-force regularization parameters based on a WKB analysis of the radial and angular equations satisfied by the metric perturbations.
I. INTRODUCTION
The impending prospect of detecting gravitationalwave signals from coalescing compact binary systems motivates renewed studies of the general relativistic dynamics of binary systems made of spinning bodies. It has been emphasized in Ref. [1] that a simple way of computing (to linear order in each spin) the spin-dependent interaction terms H int = Ω Ω Ω SO 1 ·S 1 +Ω Ω Ω SO 2 ·S 2 in the Hamiltonian of a binary system was to compute (when considering, say, the term linear in S 1 ) the spin precession angular velocity of S 1 in the gravitational field generated by the two masses m 1 , m 2 , and, eventually, the spin S 2 . Indeed, this spin precession angular velocity (which can be obtained by writing that S 1 is parallely propagated along the world line of m 1 ) is simply equal to the coefficient Ω Ω Ω SO 1 of S 1 in H int . On the other hand, it was recently remarked [2, 3] that, in the simple case of a binary moving on circular orbits, the (z-component of the) spin precession, Ω where Ω denotes the orbital frequency. [The gaugeinvariant quantity |∇k| can be viewed as a firstderivative-level generalization of Detweiler's redshift invariant [4] , which is expressible in terms of the norm |k| of the Killing vector k.] The gauge-invariant functional relation between Ω SO 1 , or equivalently |∇k|, and the orbital frequency Ω has been recently studied (both numerically and analytically) in Refs. [2, 3] . In particular, we have derived (as part of a sequence of analytical gravitational self-force studies) in [3] the first-order self-force contribution (linear in the mass ratio q = m 1 /m 2 ≪ 1) to the "geodetic" spin precession frequency Ω SO 1 to the eight-and-a-half postNewtonian (PN) order, i.e. up to terms of order y 8.5 included, where
is a convenient dimensionless frequency parameter of order O(1/c 2 ). [We henceforth use, for simplicity, units
where G = c = 1.] As in [3] we restrict ourselves here to the case of a small spinning body m 1 , S 1 , orbiting a large non-spinning body m 2 , S 2 = 0. The aim of the present note is to report on an extension of our previous analytical computation of spin precession to the 10.5PN level, i.e. up to terms of order y 10.5 included. This extension was motivated by private communications from Dolan et al. [5] who pointed out apparent discrepancies (starting at level O(y 7 )) between some of their high-accuracy numerical results (see Table  III in Ref. [6] ) and our published 8.5PN analytical results. These discrepancies led us to carefully re-examine our previous computations, and to push them to higher PN orders. We so discovered that, though all our basic analytical building blocks were correct, their manipulation by an algebraic software led to some instabilities (due to the length of the analytical expressions at high PN orders), that had led to a few errors in our final results. More precisely, the rational term, among the seven (transcendental) contributions to the coefficient of y 7 , was incorrectly obtained, and, in the coefficient of y 8 (which contains fifteen different contributions), both the rational term and the coefficient of π 2 were incorrectly obtained. Correspondingly, there were errors in the (rational) coefficients of y 7 and y 8 in the subtraction term B(y). [See detailed results below.] After having found these errors, corrected them, and communicated the corrections to Dolan et al., the latter authors confirmed that our O(y 8 ) corrected results were now in satisfactory agreement with their high-accuracy numerical results. [More recently, Shah [7] independently pointed out to us the three discrepant coefficients mentioned above, which we had already analytically derived, and which he and his collaborators had independently derived by using the numerical-analytical method of Ref. [8] .]
II. TECHNICAL REMINDERS
Let us recall the notation and main technical results of Ref. [3] that we shall need to express our new results. We consider a two-body system of masses m 1 and m 2 , moving along circular orbits, in the limit m 1 ≪ m 2 . Here we only endow the small mass m 1 with spin S 1 , keeping the large mass m 2 non-spinning. This means that one is dealing with linear perturbations h µν (x λ ) of a Schwarzschild background of mass m 2 by a small mass m 1 , moving on a circular orbit of radius r 0 . As emphasized by Detweiler [4] , the perturbed metric admits the helical Killing vector k = ∂ t + Ω∂ φ , i.e., the metric perturbation depends only onφ = φ − Ωt, r and θ, h µν (φ, r, θ).
The four-velocity of m 1 , normalized with respect to the metric g
, (here q ≡ m 1 /m 2 ≪ 1 and the superscript R indicates the regular part [9] of h µν (x λ ) around the world line of m 1 ), can be written as
where (to linear order in q)
Writing that m 1 moves along an equatorial circular geodesic yields the conditions ∂ µ g R kk = 0, which lead to [4] 
[∂φh
Eq. (2.3) allows one to trade the gauge-dependent radius r 0 for the gauge-invariant dimensionless frequency parameter y, Eq. (1.2), using
The geodetic spin-orbit precession frequency along the world line of m 1 has, as only nonvanishing component, Ω
given by Eq. (1.1) above. In this equation, the norm |∇k| of the covariant derivative of the helical Killing vector k = ∂ t + Ω∂ φ is defined as 6) where all tensorial operations are done with the metric g R µν (x). The explicit expression of |∇k| can be written as
where
is the well-known result for gyroscopic precession (with respect to a rotating, polar-coordinate frame) in a Schwarzschild background [10] , and where
In Eq. (2.9) all quantities are to be regularized and evaluated for θ = π/2. The quantity δ(y), which measures the fractional first order self-force (1SF) correction to |∇k|, is equivalent to the quantity δψ(y) which measures the 1SF contribution to the dimensionless ratio [2] 
(2.10) Explicitly, we have
Following the methodology explained in Refs. [11] [12] [13] [14] [15] , and extending the results of Ref. [3] to higher postNewtonian orders (by using radiative solutions, X (in) , X (up) , up to l = 7), we have computed δ(y) up to order y 10.5 .
III. NEW HIGHER POST-NEWTONIAN TERMS IN δ(y) AND δψ(y)
Before listing the complete expressions of δ(y) and δψ(y) to order y 10.5 let us indicate that our previous O(y 8.5 )−accurate results missed one term at level y 7 and two terms at level y 8 , while the y 7.5 and y 8.5 terms were complete.
More precisely, the correct O(y 8.5 )−accurate expression of δ(y) is obtained by adding ∆c Note that, in the above expressions, we used the computer-algebra-related notation ln(a) n to denote ln n (a) and O ln (y 11 ) to denote a term of order y 11 ln n y for some n. The corresponding O ln (u 11 )−accurate expansion of the effective gyrogravitomagnetic ration g 1SF S * (u) is given in the Appendix.
IV. ANALYTIC EXPRESSION OF THE SUBTRACTION TERM
Prompted by Dolan et al. [5] , who pointed out discrepancies at order y 7 and y 8 between our Eq. (4.30) in [3] and their (unpublished) corresponding expression for the subtraction term B(y), we have found a way to derive an exact analytic expression for B(y) within our formalism, which is based on Regge-Wheeler-Zerilli-type tensorial multipolar expansions. As we shall now explain, our derivation is a novel approach grounded on a Wentzel-Kramers-Brillouin (WKB) analysis of the homogeneous radial (Regge-Wheeler, RW) equation satisfied by the fundamental building blocks, X in and X up , of our formalism. This WKB approach (which we explain in detail below) is quite different from the approach traditionally used in gravitational self-force theory, which is based on local, Hadamard-type expansions of the metric h µν , in Lorenz-gauge, near the world line of m 1 (see e.g., [9, 16, 17] ). In addition, our approach defines the subtraction terms by considering the limit l → ∞ where l denotes the degree in a tensorial multipolar expansion, while the usual self-force calculations define subtraction terms by considering a limit l s → ∞, where l s denotes the order in a scalar multipolar expansion. One can show that, for the quantities we shall consider, the two different limiting procedures should give the same subtraction terms at leading order. [However, at higher orders in local singularity expansions, the extension ambiguities of such expansions do not imply anymore their equivalence.] Let us start by recalling the form of the WKB approximation of the solutions of a one-dimensional Schrödinger equation, say
The WKB solutions of Eq. (4.1) are written in the form
As indicated here, it will be sufficient for our purpose to keep only the leading and next-to-leading terms in the WKB expansion. At this order of approximation, the two independent solutions of Eq. (4.1) read
corresponding to
The choice C ± = 1/ √ 2 would imply that the Wronskian of these solutions is 1:
Note that we will use the WKB approximation in the classically forbidden domain, where Q(x) is positive so that the solutions Ψ ± are exponentially growing or decaying. We first apply this approximation to the (homogeneous) radial RW equation
(4.6) Here, η ≡ 1/c, m is the spherical harmonics order, Ω denotes the orbital frequency, and
The spatial variable (denoted x in Eq.(4.1)) in this onedimensional Schrödinger equation is r * , while we shall take as small expansion parameter the quantity
where we introduced the convenient notation
Note indeed that the coefficient l(l + 1) in the centrifugal potential can be written as 10) and is of order ∼ 1 2 . In order to capture the near-world-line singularity expansion within our tensorial multipolar expansion, we need to consider a limit where both l ∼ L and m tend to infinity with the ratio w ≡ m/L being kept fixed. In this limit the two dominant terms (of order 1/ 2 ) in Eq. (4.1) are
Correspondingly to the accuracy used in Eq. (4.2), we can neglect the terms of order O(L 0 ) in the above equation, which notably means neglecting the term 6M/r 3 in Eq. (4.6). At this stage no expansion is performed in the PN-parameter η = 1/c.
Introducing the notation
we have 13) so that the building blocks of the WKB solution (4.3) read
(4.14) and
More explicitly
so that
where we have re-absorbed the factor √ L in the constant
. The final result of this WKB analysis is that two independent solutions of the RW equation (4.6) are
We checked that the PN expanded solutions of the RW equation that we constructed in our formalism [11] [12] [13] [14] [15] agree with those WKB solutions, with the following correspondence
Note for instance that, when expanding in powers of η the right-hand-side (rhs) of X (in) , as given in Eq. (4.19), its leading order is √ re L ln r = r l+1 in agreement with the normalization of our PN solution which was chosen as
with A lω (r) = O(η 2 ). Inserting the above WKB solutions for X (in) and X (up) in the analytical expressions for δ ±(odd/even) lm given in Ref. 
where Y lm (θ, φ) and its θ−derivative are both evaluated at θ = π/2 (and φ = 0). Such a sum can be asymptotically evaluated, in the limit L → ∞ with m/L fixed, in terms of an integral, between −1 and 1, over the variable w = m/L. In order to do so one needs asymptotic estimates for |Y lm | 2 and dY lm dθ 2 as functions of w in the large L limit. Such asymptotic estimates can be derived by a WKB analysis of the θ differential equation satisfied by Θ lm (θ) (defined by factoring Y lm (θ, φ) = Θ lm (θ)e imφ ). Indeed, Θ lm (θ) satisfies a onedimensional Schrödinger equation of the type (4.1), when using the variable λ = π/2 dθ/ sin θ, namely
with
This leads to WKB solutions of the type
for appropriate choices of the constants C ± determined by regularity conditions at λ = −∞ (corresponding to θ = 0) and λ = +∞ (corresponding to θ = π). When evaluating Θ lm (λ) and
e., λ = 0) one finds the following WKB estimates
and (33) of [18] . A consequence of Eqs. (4.26) and (4.27) is that
.
(4.28)
As an example of the application of these asymptotic estimates we have computed the analytic expression of the L → ∞ limit of the first-order self-force redshift quantity h kk . Starting from Eqs. (29) and (30) 
and where EllipticK(k) denotes the complete elliptic integral of the first kind (with w ≡ sin α):
This result agrees with the subtraction term obtained by the usual self-force Hadamard-type analysis [4, 17] , i.e., the term denotedD 0 = (1 − 3y)D 0 in [11, 12] . [Note that there is a misprint in the last term of Eq. (56) in [12] ; the coefficient of u 7 should read +4409649/524288].
When applying the above WKB asymptotic estimates (for both the radial functions X ± (r) and the angular functions Y lm and ∂ θ Y lm ) to the l → ∞ limit of the quantity δ ± l (y), (4.21), we obtain the following analytic expression for the O(L 0 ) subtraction term B(y)
Here EllipticE(k) denotes the complete elliptic integral of the second kind In our previous work [3] the subtraction term B was not derived independently of our computation of δ ± lm but was obtained from the large l limit of the PN expanded version of δ ± lm . The algebraic-manipulation errors mentioned above induced corresponding errors in our previous evaluation of the PN expansion of B (as pointed out to us by Dolan et al. [5] ). More explicitly, the coefficients of y 
V. CONCLUDING REMARKS
The analytic computation of the post-Newtonian expansion of the first-order self-force contribution to spin precession has been raised here to the ten and ten-andhalf post-Newtonian level.
Our analysis has also corrected two terms (at the PN levels 7 and 8) among our previous 8.5 PN-accurate calculation of spin-orbit effects [3] . More precisely, we have shown that Eq. (4.33) in [3] needs to be augmented by the two terms in Eq. (3.1). Equivalently, Eq. (5.4) in [3] needs to be augmented by the two terms in Eq. (3.2). These missing terms were caused by algebraic errors in the manipulation of large analytic expressions. Note that these errors affected only a few terms among many contributions (essentially only rational terms). The missing contributions to the coefficients of y 7 and y 8 in δψ(y) are numerically equal to ∆c (5.14) in [3] ). The fractional modifications brought to the coefficients g c 6 and g c 7 in Eqs. (6.36), (6.37) and (6.38) are correspondingly small, δg 6 /g 6 ≃ −0.02487821950 and δg 7 /g 7 ≃ 0.0001739775786. As a consequence, correcting these terms does not affect any of the significant conclusions we reached in [3] which were mainly aimed at describing strong field effects. In particular, our fits Eqs. (5.11) and (6.39) did not make any use of the y 7 and y 8 coefficients but only relied on 3PN information and on the strong field numerical data of [2] . Finally, we have introduced here a new method for analytically computing the subtraction terms of self-force quantities. Instead of the traditionally used Hadamardlike near-world-line singularity expansions, our new method is based on a WKB analysis of both the radial and angular equations satisfied by the metric, when considering them in the limit l → ∞ with the ratio m/l fixed. We have shown on two examples (h kk and the spin pre-cession) that our method leads rather simply to closed form expressions for the subtraction terms. Combining the O(y 10.5 )-accurate computation of δ(y) above with our recent O(y 10.5 )-accurate computation of the main effective one-body radial potential a(u) [15] , we can raise the PN expansion order of the effective gyromagnetic ratio g 1SF S * from the O(u 7.5 ) level given in Eq. (6.37) of [3] to the O(u 9.5 ) level. We list below the final result, expressed in the effective one-body radial variable u.
Let us also point out a misprint in the expression of g ln 7 given in Eq. (6.37) 2 of [3] : the additional term + 249952 225 ln 2 ,
was inadvertently omitted.
